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The purpose of this paper is to give a characterization of some mean values of
Ž .two positive real numbers in a real-valued function M a, b . The arithmetic,
harmonic, and some other means of two positive real numbers are the fundamen-
tals of this paper. Q 1999 Academic Press
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1. INTRODUCTION
If a and b are any two positive real numbers, then their arithmetic,
Ž .geometric, and harmonic mean values are denoted by A s A a, b , G s
Ž . Ž .G a, b , and H s H a, b , respectively. For these three mean values see
w x2 . Throughout this paper, let a, b be positive real numbers.
In 1991, H. Haruki considered the mean value of a, b
1 2pdef y1M a, b; p r s p p r du , 1.1Ž . Ž . Ž .Ž . Hž /2p 0
q YŽ . q Ž .where p: R “ R, p x is a continuous function in R , p s p x is
q 2 2 2 2'strictly monotonic in R , and we denote a cos u q b sin u by r.
w xIn 2 are considered the two mean values of a, b
1 2pdef y1M a, b; q s s q q s du , 1.2Ž . Ž . Ž .Ž . Hž /2p 0
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q YŽ . q Ž .where q: R “ R, q x is a continuous function in R , q s q x is
strictly monotonic in Rq, and we denote a sin2 u q b cos2 u by s,
1 2pdef y1M a, b; u t s u u t du , 1.3Ž . Ž . Ž .Ž . Hž /2p 0
q YŽ . q Ž .where u: R “ R, u x is a continuous function in R , u s u x is
q Ž 2 2 .y1strictly monotonic in R , and we denote sin ura q cos urb by t.
Ž .A mean value of a, b, denoted by M a, b , is defined to be a real-valued
Ž w x.function M which satisfies the following postulates cf. 2 :
P M : Rq= Rq“ R;Ž .1
P M a, b s M b , a symmetry property ;Ž . Ž . Ž . Ž .2
P M a, a s a reflexivity .Ž . Ž . Ž .3
Ž Ž .. Ž Ž ..Remark 1.1. It is easy to prove that each of M a, b; p r , M a, b; q s ,
Ž Ž ..and M a, b; u t is a mean value of a, b. We omit the proofs.
w xIn 2 , the following theorems are proved:
Ž . Ž Ž .. Ž .THEOREM 1.1. i M a, b; q s s a q b r2 holds for all positi¤e real
Ž . Ž .numbers a, b iff q s s As q B, where A / 0 , B are arbitrary real constants.
'Ž . Ž Ž ..ii M a, b; q s s ab holds for all positi¤e real numbers a, b iff
Ž . Ž . Ž .q s s A ? 1rs q B, where A / 0 , B are arbitrary real constants.
Ž . Ž Ž .. ŽŽ 1r2 1r2 . .2iii M a, b; q s s a q b r2 holds for all positi¤e real
Ž . Ž .numbers a, b iff q s s A log s q B, where A / 0 , B are arbitrary real
constants.
'Ž . Ž Ž .. 'iv M a, b; q s s 2 abr a q b ab holds for all positi¤e realŽ .Ž .
Ž . Ž 2 . Ž .numbers a, b iff q s s A ? 1rs q B, where A / 0 , B are arbitrary real
constants.
'Ž . Ž Ž ..THEOREM 1.2. i M a, b; u t s ab holds for all positi¤e real num-
Ž . Ž .bers a, b iff u t s At q B, where A / 0 , B are arbitrary real constants.
Ž . Ž Ž .. Ž .ii M a, b; u t s 2 abr a q b holds for all positi¤e real numbers
Ž . Ž . Ž .a,b iff u t s A ? 1rt q B, where A / 0 , B are arbitrary real constants.
Ž . Ž Ž .. ŽŽ y1r2 y1r2 . .y2iii M a, b; u t s a q b r2 holds for all positi¤e real
Ž . Ž .numbers a, b iff u t s A log t q B, where A / 0 , B are arbitrary real con-
stants.
'Ž . Ž Ž .. 'iv M a, b; u t s a q b r2 ab holds for all positi¤e realŽ .Ž .
Ž . Ž 2 . Ž .numbers a, b iff u t s A ? 1rt q B, where A / 0 , B are arbitrary real
constants.
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The purpose of this paper is to obtain further characterizations of the
means
ab a q bŽ .def
A a, b , H a, b , M a, b s ,Ž . Ž . Ž .1 2 2a q b
2 22 a q b abŽ . Ž .def
M a, b s ,Ž . )2 24 43 a q b q 2 abŽ . Ž .
22 2a q b a q bŽ . Ž .def
M a, b s ,(Ž .3 8ab
32 2a q b a q b a q bŽ . Ž . Ž .def def
M a, b s , M a, b s ,Ž . Ž .4 54ab 8ab
2ab a q bŽ .def
M a, b s ,Ž . )6 2 22 a q bŽ .
2 24 4a q b 3a q 3b q 2 abŽ . Ž .Ž .def
M a, b sŽ . )7 232 abŽ .
in the spirit of Theorem 1.1 and Theorem 1.2.
Remark 1.2. The above mean values suggests consideration of the
following properties of means:
''i H a, b A a, b s ab s G a, b .Ž . Ž . Ž . Ž .
2a q bŽ .
ii H a, b M a, b s s A a, b .' (Ž . Ž . Ž . Ž .5 4
22 2a q b a q bŽ . Ž .
iii A a, b M a, b s s M a, b .' (Ž . Ž . Ž . Ž .4 38ab
2ab a q bŽ .
iv A a, b M a, b s s M a, b .'Ž . Ž . Ž . Ž .)1 62 22 a q bŽ .
2a q bŽ .
v M a, b M a, b s s A a, b .' (Ž . Ž . Ž . Ž .3 6 4
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Ž . Ž .In this paper, instead of q s and u t in the above theorems, we
introduce the following two functions of u in y‘ - u - q‘:
Ž . Ž . q YŽ . qi h s , where h: R “ R, h x is a continuous function in R , h
Ž . q Ž 2 2s h x is strictly monotonic in R , and we denote sin ura q
2 2 .y1cos urb by s.
Ž . Ž . q YŽ . qii k s , where k: R “ R, k x is a continuous function in R , k
Ž . q Ž .2 Ž .2s k x is strictly monotonic in R , and we denote a sin u q b cos u
by s.
Ž . Ž . Ž .Then we introduce, instead of 1.1 , 1.2 , and 1.3 , the following two
mean values of a, b:
1 1 2pdef y1M a, b; h s s h h s duŽ . Ž .Ž . Hž /H a, b 2pŽ . 0
and
1 1 2pdef y1M a, b; k s s k k s du .Ž . Ž .Ž . Hž /H a, b 2pŽ . 0
Ž Ž ..Remark 1.3. It is easy to prove that each of M a, b; h s and
Ž Ž .. Ž Ž ..M a, b; k s is a mean value of a, b. The mean value M a, b; h s will be
Ž Ž ..discussed in Theorem 3.1 and the mean value M a, b; k s will be
discussed in Theorem 3.2.
2. LEMMAS
In Section 3 we shall apply the following lemmas.
LEMMA 2.1. If a, b are positi¤e real constants, then
1 1 12p
i du s ,Ž . H 2 2 2 22p aba sin u q b cos u0
21r2 1r21 a q b2p 2 2ii log a sin u q b cos u du s log ,Ž . Ž .H ž /2p 20
1 1 a2 q b22p
iii du sŽ . H 2 32 2 2 22p 0 2 abŽ .a sin u q b cos uŽ .
hold.
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Ž .Proof. i Since the proof is elementary, we omit it.
Ž . w xii See 2 .
Ž . Ž .iii We apply differentiation under the integral sign for i . Differ-
Ž .entiating both sides of i with respect to a yields
1 sin2 u b2p
du s 2.1Ž .H 2 3 22 2 2 22p 2 a b0 a sin u q b cos uŽ .
Ž .for all positive a, b. Differentiating both sides of i with respect to b yields
1 cos2 u a2p
du s 2.2Ž .H 2 3 22 2 2 22p 2b a0 a sin u q b cos uŽ .
Ž . Ž . Ž .for all positive a, b. Adding 2.1 and 2.2 side by side yields iii .
Ž . q YŽ .LEMMA 2.2. i Let h: R “ R. We assume that h x is continuous in
Rq. If we set
y12 21 1 sin u cos u2p 2pdef
f a, b s h s du s h q duŽ . Ž .H H 2 2ž /ž /2p 2p a b0 0
for all positi¤e a, b, then
3 Y2 2f c, c s c h c .Ž . Ž .aa 2
Ž . q YŽ . qii Let k: R “ R. We assume that k x is continuous in R . If we
set
1 12p 2pdef 2 2 2 2g a, b s k s du s k a sin u q b cos u duŽ . Ž . Ž .H H2p 2p0 0
for all positi¤e a, b, then
3 Y X2 2 2g c, c s c k c q k c ,Ž . Ž . Ž .aa 2
where c is an arbitrarily fixed positi¤e real number.
Proof. The proofs follow from differentiation under the integral cosine
32p 4and the formula H sin u du s p .0 4
3. THE RESULTS
Ž .THEOREM 3.1. Let c / 0 and c be arbitrary real constants.1 2
Ž . Ž Ž .. Ž .i M a, b; h x s A a, b holds for all positi¤e real numbers a, b iff
Ž .h s s c s q c .1 2
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Ž . Ž Ž .. Ž . Ž 2 2 .ii M a, b; h s s ab a q b r a q b holds for all positi¤e real
Ž . Ž .numbers a, b iff h s s c 1rs q c .1 2
Ž . Ž Ž .. Ž .iii M a, b; h s s H a, b holds for all positi¤e real numbers a, b iff
Ž .h s s c log s q c .1 2
2 2 24 4Ž . Ž Ž ..iv M a, b; h s s 2 a q b ab r 3a q 3b q 2 ab' Ž . Ž . Ž .Ž .
Ž . Ž 2 .holds for all positi¤e real numbers a, b iff h s s c 1rs q c .1 2
22 2Ž . Ž Ž .. 'v M a, b; h s s a q b a q b r8ab holds for all positi¤eŽ . Ž .
Ž . 2real numbers a, b iff h s s c s q c .1 2
Ž .Proof. i First, suppose that
M a, b; h s s A a, b 3.1Ž . Ž . Ž .Ž .
Ž Ž .. Ž .for all positive a, b. By the definition of M a, b; h s and 3.1 we obtain
1 2py1h h s du s ab,Ž .Hž /2p 0
and so
1 2p
h s du s h ab 3.2Ž . Ž . Ž .H2p 0
Ž . Ž . 2p Ž . Ž .for all positive a, b. Setting f a, b s 1r2p H h s du and using 3.20
yield
f a, b s h ab 3.3Ž . Ž . Ž .
for all positive a, b. Let c be an arbitrary fixed positive real number.
Ž . 2 2Operating on both sides of 3.3 with › r› and setting a s c, b s c in
the resulting equality yield
f c, c s c2 hY c2 . 3.4Ž . Ž . Ž .aa
Ž . Ž .By 3.4 and Lemma 2 i we obtain
hY c2 s 0.Ž .
Since c was an arbitrary fixed real number, we can replace c2 by a positive
real variable s in the above equality. Hence we have
hY s s 0.Ž .
wŽ 2 2 . Ž 2 2 .xy1 y1For the other direction, by using s s sin ura q cos urb , h
Ž . Ž .s s y c rc , and i of Lemma 2.1, after some calculations, we obtain2 1
1 12p 2py1 y1h h s du s h c s q c duŽ . Ž .H H 1 2ž / ž /2p 2p0 0
s ab
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for all positive a, b. Hence, we obtain
M a, b; h s s A a, b .Ž . Ž .Ž .
Ž .ii First, by hypothesis, we obtain
21 2 abŽ .2p
h s du s hŽ .H 2 2ž /2p a q b0
for all positive a, b. Operating on both sides of the above equality with
› 2r› a2 and setting a s c, b s c, where c is an arbitrary fixed positive real
Ž .number, in the resulting equality, using i of Lemma 2,2 observing that
22› 2 abŽ .
Y X2 2 2h s c h c y h c ,Ž . Ž .2 2 2 ascž /ž /› a a q b
bsc
and simplifying the resulting equality yield
shY s q 2hX s s 0,Ž . Ž .
where s is a positive real variable. For the other direction, by using
y1Ž . Ž . Ž .h s s c r s y c and ii of Lemma 2.1, after some calculations, we1 2
obtain
1 1 12p 2py1 y1h h s du s h c q c duŽ .H H 1 2ž /ž / ž /2p 2p s0 0
22 abŽ .
s 2 2a q b
for all positive a, b. Hence, we obtain
ab a q bŽ .
M a, b; h s s .Ž .Ž . 2 2a q b
Ž .iii First, by hypothesis, we obtain
21 4 abŽ .2p
h s du s hŽ .H 2ž /2p 0 a q bŽ .
for all positive a, b. Operating on both sides of the above equality with
› 2r› a2 and setting a s c, b s c, where c is an arbitrarily fixed positive
Ž .real number, in the resulting equality, using i of Lemma 2.2, observing
that
22› 4 ab 1Ž .
Y X2 2 2h s c h c y h c ,Ž . Ž .2 2 ascž / 2ž /› a a q bŽ .
bsc
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and simplifying the resulting equality yield
shY s q hX s s 0,Ž . Ž .
y1Ž .where s is positive real variable. For the other direction, by using h s
ŽŽ . .s exp s y c rc , after some calculations, we obtain2 1
1 12p 2py1 y1h h s du s h c log s q c duŽ . Ž .H H 1 2ž / ž /2p 2p0 0
24 abŽ .
s 2a q bŽ .
for all positive a, b. Hence, we obtain
M a, b; h s s H a, b .Ž . Ž .Ž .
Ž .iv First, by hypothesis, we obtain
41 8 abŽ .2p
h s du s hŽ .H ) 24 42p 0  03 a q b q 2 abŽ . Ž .
for all positive a, b. Operating on both sides of the above equality with
› 2r› a2 and setting a s c, b s c, where c is an arbitrarily fixed positive
Ž .real number, in the resulting equality, using i of Lemma 2.2, observing
that
42› 8 ab 3Ž .
Y X2 2 2h s c h c y h c ,Ž . Ž .)2 24 4 2› a  03 a q b q 2 abŽ . Ž . asc 0
bsc
and simplifying the resulting equality yield
shY s q 3hX s s 0,Ž . Ž .
where s is a positive real variable. Conversely, by using
y1h s s c r s y c'Ž . Ž .1 2
YOUNG-HO KIM606
2p 4 2p 4 Ž .and the formulation H sin u du s H cos u du s 3r4 p , after some0 0
calculations, we obtain
1 1 12p 2py1 y1h h s du s h c q c duŽ .H H 1 22ž /ž / ž /2p 2p s0 0
48 abŽ .
s) 24 43 a q b q 2 abŽ . Ž .
for all positive a, b. Hence, we obtain
2 2 24 4M a, b; h s s 2 a q b ab r 3a q 3b q 2 ab'Ž . Ž . Ž . Ž .Ž . Ž .
for all positive a, b.
Ž .v First, by hypothesis, we obtain
2 21 ab a q bŽ . Ž .2p
h s du s hŽ . (H ž /2p 20
for all positive a, b. Operating on both sides of the above equality with
› 2r› a2 and setting a s c, b s c, where c is an arbitrarily fixed positive
Ž .real number, in the resulting equality, using i of Lemma 2.2, observing
that
2 2 2› ab a q b 1Ž . Ž .
Y X2 2 2h s c h c q h c ,Ž . Ž .(2 ascž /2 2› až /
bsc
and simplifying the resulting equality yield
1
Y Xh s y h s s 0,Ž . Ž .
s
where s is a positive real variable. Conversely, using
y1h s s s y c rc ,'Ž . Ž .2 1
Ž .and iii of Lemma 2.1, after some calculations, we obtain
1 12p 2py1 y1 2h h s du s h c s q c duŽ . Ž .H H 1 2ž / ž /2p 2p0 0
2 2ab a q bŽ . Ž .
s(
2
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for all positive a, b. Hence, we obtain
22 2a q b a q bŽ . Ž .
M a, b; h s s .(Ž .Ž .
8ab
Ž .THEOREM 3.2. Let c / 0 and c be arbitrary real constants.1 2
Ž . Ž Ž .. Ž 2 2 .Ž .i M a, b; k s s a q b a q b r4ab holds for all positi¤e real
Ž .numbers a, b iff k s s c s q c .1 2
Ž . Ž Ž .. Ž .ii M a, b; k s s A a, b holds for all positi¤e real numbers a, b iff
Ž . Ž .k s s c 1rs q c .1 2
Ž . Ž Ž .. Ž .3iii M a, b; k s s a q b r8ab holds for all positi¤e real numbers
Ž .a, b iff k s s c log s q c .1 2
2 2 2Ž . Ž Ž .. 'iv M a, b; k s s ab a q b r2 a q b holds for all positi¤eŽ . Ž .
Ž . Ž 2 .real numbers a, b iff k s s c 1rs q c .1 2
2 2 24 4Ž . Ž Ž ..v M a, b; k s s a q b 3a q 3b q 2 ab r32 ab'Ž . Ž . Ž .Ž .
Ž . 2holds for all positi¤e real numbers a, b iff k s s c s q c .1 2
Ž .Proof. Using Lemma 2.1 and ii of Lemma 2.2 and by a method similar
to Theorem 3.1, the results follow.
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